In this article, we have considered a fifth order critically damped nonlinear differential system, and studied the asymptotic solutions when two of the eigenvalues are large and equal and the other eigenvalues are distinct. In this study, we have found that the approximate results obtained by the modified KBM method corresponds with those obtained by the numerical method using Mathematica.
Introduction
History shows that nonlinear governing equations, variable coefficients, and nonlinear boundary conditions at complex known or unknown boundaries have bewildered physicists, engineers, together with applied mathematicians. This baffling condition has compelled them to figure out numerical solutions, or approximation solutions, or a combination of both. Of these approximation solutions, the systematic method of perturbations is prominent, which laid the foundation for a well-recognized method named the Krylov-BogoliubovMitropolskii (KBM) [1, 2] method. This method is generally applied to investigate nonlinear oscillatory and non-oscillatory differential systems with small nonlinearities. It was first developed by Krylov and Bogoliubov [1] to find periodic solutions of second order nonlinear differential systems with small nonlinearities. Next, it was expanded to damped oscillatory processes where a strong linear damping force was present by Popov [3] . Then, it was amplified and justified by Bogoliubov and Mitropolskii [2] . But Popov's results were rediscovered by Mendelson [4] who took into account the physical significance of the damped oscillatory systems. Using Bogoliubov's method, over-damped nonlinear systems were studied by Murty and Deekshatulu [5] . Later, an asymptotic solution of a second order critically damped nonlinear system was found by Sattar [6] . Subsequently, a technique for obtaining approximate solutions of second order over-damped and critically damped nonlinear systems was recommended by Alam [7] . Afterwards, a solution of third order nonlinear systems was studied by Osiniskii [8] who imposed some restrictions on the parameters of Bogoliubov's method. Consequently, it was found that the solution became over-simplified and showed incorrect results. It was Mulholland [9] who removed these restrictions as imposed by Osiniskii and found desired solutions. At a later date, Bojadziv [10] studied the solutions of nonlinear systems by rendering it into a three dimensional differential system. Then, a unified KBM method for solving third order nonlinear system was suggested by Alam and Sattar [11] . After this, solutions of fourth order more critically damped nonlinear systems was investigated by Rahaman [12] . Solutions of fourth order critically damped nonlinear oscillatory systems were also proposed by Kawser et al. [13] in the case when the eigenvalues were pairwise equal and complex. Again, solutions of fourth order critically undamped oscillatory nonlinear systems with pairwise equal imaginary eigenvalues were propounded by Kawser et al. [14] . Following that, Rahaman and Rahman [15] expand on analytical approximate solutions of fifth order more critically damped systems in the case of smaller triply repeated roots, when the eigenvalues were real and negative. Further, Rahaman and Kawser [16] put forward asymptotic solutions of fifth order critically damped nonlinear systems with pair wise equal eigenvalues and another is distinct. Moreover, an asymptotic method of Krylov-Bogoliubov-Mitropolskii for fifth order critically damped nonlinear systems was expounded by Islam et al. [17] . Lately, Rahaman and Kawser [18] have offered analytical approximate solutions of fifth order more critically damped nonlinear systems in the case of larger triply
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repeated roots. Furthermore, Alam et al. [19] came up with asymptotic solutions for the fifth order critically damped nonlinear systems in the case for small equal eigenvalues. Then, Rahaman and Kawser [20] extended analytical approximate solutions of fifth order more critically damped nonlinear systems.
In this article, the solutions of fifth order critically damped nonlinear systems, i.e. two eigenvalues are equal presented in the following section, have been investigated. The asymptotic solutions for different sets of initial conditions, along with different sets of eigenvalues have revealed exceptional conjunction with the numerical solutions.
The Method
Consider a fifth order weakly nonlinear ordinary differential system ( )
, , , ,
where ( ) v x and ( ) iv x stand for the fifth and fourth derivatives respectively and over dots are used for the first, second and third derivatives of x with respect to , t 1 2 3 4 5 , , , , following Alom [21] , an asymptotic solution of (1) 
where , , , , a b c d h are functions of t and they satisfy the first order differential equations 
where In this investigation, we have expanded the function ) 0 ( f in the Taylor's series (see also Murty et al. [22] for details) about the origin in powers of .
t Therefore, we obtain
Here the limits of , , i j k and m are from 0 to . ∞ But for a particular problem they have some definite values. Therefore, using equation (6) in equation (5), we obtain 
Following the KBM method, Sattar [6] , Alam [23] , Alam and Sattar [11] imposed the condition that 1 u does not contain the fundamental terms of .
f Therefore, equation (7) can be separated in the following way: 
Now, equating the coefficients of 0 t and 1 t from both sides of equation (8) 
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Solving equation (11), we obtain
where
Substituting the value of 1 B from equation (12) into equation (10), we obtain (9) can be solved for 1 u by well-known operator method. Thus the determination of the first order approximate solution is completed.
Example
As an example of the above method, we consider the weakly nonlinear differential system
Comparing (14) and (1), we obtain 
Now, comparing equation (6) and equation (16), we obtain (14), the equation (9) 
The solution of the equation (19) B from equation (21) Since the relation λ µ ν η >> >> >> among the eigenvalues, the equation (22) can be separated for the unknown functions 1 1 1 , , A C D and 1 H in the following way: 
r bch e adh r bdh e ah r bh e λ µ η λ η ν λ η
Solving equations (23), we obtain 
And the solution of the equation (18) 
a b rt r t r e b r t r t r t r e b c rt r t r e b d r t r t r e b h r t r t r e
3 1 1 1 1 , 2 , 4 (3 )(3 )(3 ) (3 ) (3 ) (3 ) r r r λ λ µ λ ν λ η λ µ λ ν λ η λ   = = + + +   − − − − − −   3 1 2 2 2 2 1 1 1 1 1 1 1 2 (3 ) (3 )(3 )(3 )+ + + + +     − − − − − − −      + + +  − −  4 5 4 2 1 1 1 1 1 , 3 , 4 (3 )(3 )(3 ) (3 ) (3 ) (3 ) r r r λ λ µ λ ν λ η λ µ λ ν λ η λ   = = + + +   − − − − − −   6 4 2 2 2 2 1 1 1 1 1 1 1 6 (3 ) (3 )(3 ) (3 ) 3 3 3 3 1 1 , 4 (3 ) (3 ) r r λ η λ η λ ν λ ν λ λ µ λ η λ ν λ λ λ µ λ µ      = + + + + +      − − − − − − −       + + +  − −  7 4 3 2 2 3 2 2 2 2 3 2 2 3 1 1 1 1 1 1 6 (3 ) (3 ) (3 ) (3 ) (3 ) (3 ) 3 1 1 1 1 1 3 1 (3 ) (3 )(3 ) (3 ) 3(3 ) 4 (3 )1 1 3 1 1 , (3 ) 2 4 (3 ) (3 ) (3 ) r r λ η λ η λ ν λ ν λ η λ ν λ λ µ λ η λ ν λ η λ ν λ η λ ν λ λ λ µ λ µ λ λ λ µ λ λ µ λ µ    = + + + + +    − − − − − − −        + + + + +     − − − − − − −       + + + + +   − − − −   1 1 1 1 2 2 (2 ) (2 )(2 )(2 ) 2 1
Results and Discussion
In this study, the solutions of fifth order critically damped nonlinear systems (two of the eigenvalues are large and equal and the other eigenvalues are distinct) have been found based on the modified KBM method. In order to bring the efficiency of an approximate solution obtained by a certain perturbation method, we compare the approximate solution to the numerical solution (measured to be exact). Here, ( , ) x t ε is calculated by equation ( 
Conclusion
To sum up, we can say that, in this article, we have modified the Krylov-Bogoliubov-Mitropolskii (KBM) method, which is considered to be the most widely applied perturbation method for investigating the transient behavior of oscillating systems, and applied it effectively to the fifth order critically damped nonlinear systems. The solutions are looked for in such circumstances where the two eigenvalues are large and the other eigenvalues are distinct with respect to the fifth order critically damped systems. In the KBM method, it should be mentioned here that, inaccuracy sometimes occurs in the case of rapid changes of x with respect to time .
t But, with respect to the different sets of initial conditions, all the above figures in the time period 0 t = to 15 t = show that the perturbation solutions obtained by the modified KBM method coincide perfectly with the numerical solutions. It should further be mentioned here that, all the calculations and results have been calculated by using Mathematica 9.0 program. To conclude, the modified KBM method provides highly accurate results that may be used for different types of nonlinear differential systems in which the small nonlinearity is present. Thus, it is not reliant on whether or not the system has eigenvalues are real, complex conjugate, or pure imaginary. Further, the method is not dependent on the order of the system.
